Minimum-variance (equity) portfolio selection is increasingly popular among investors. We study a broad set of 63 different, commonly used approaches to build long-only minimum-variance portfolios among US as well as European stocks. We focus on the stock picking characteristics of minimum-variance approaches and find a high degree of consensus across different methods regarding the selection of particular stocks. Hence, the increasing demand for low-volatility equity strategies translates into increasing demand for a rather small subset of stocks, independent of the particular portfolio approach one
Introduction
Minimum-variance (equity) portfolio selection is increasingly popular among investors.
1
While all kinds of equity strategies saw huge draw downs in the turmoil of 2007-09 and again in 2011, minimum-variance strategies did considerably well and navigated very stable through these crises. Their losses were only a fraction of the losses of pure index investments and they delivered returns over this period that outperformed common benchmarks on a risk-adjusted base and -even more impressive -in absolute terms. For today's risk sensitive investors, minimum-variance equity strategies seem to be a perfect match -providing an exposure to equities as an asset class while preventing extreme tail events.
Advocates of a minimum-variance strategy refer to the so called low-beta and lowvolatility anomalies to explain its historical risk adjusted performance. These anomalies denote the empirical finding that stocks with low-volatility (systematic and/or idiosyncratic) earn a higher premium per unit of volatility than high-volatility stocks. Black (1972) and Haugen and Heins (1975) are early papers that document evidence that the relationship between risk and return is much flatter than predicted by the CAPM, or that it is actually inverted as found by Haugen and Heins (1975) . Baker, Bradley, and Wurgler (2011) and Frazzini and Pedersen (2013) attest that 40 years later the low-beta anomaly is still present and can profitably be exploited by "beting against beta". The low-volatility anomaly in the cross-section of stock returns is documented by Ang, Hodrick, Xing, and Zhang (2006, 2009) who show that investors get systematically compensated for bearing idiosyncratic risk in US as well as international stock markets.
2
We take the growing popularity of minimum-variance equity strategies as a motivation to examine the changing valuation of those portfolios over time. More precisely, since 1 Blackrock Inc. (2013) reports that the global universe of minimum-volatility exchange traded products (ETPs) experienced net asset inflows of more than 1.6 billion USD per month over the first four months in 2013, more than three times the average monthly inflow during 2012.
2 Black (1972) explains the low-beta anomaly with restricted access to borrowing, a rationale used also in Frazzini and Pedersen (2013) . Baker, Bradley, and Wurgler (2011) argue that benchmarking of institutional portfolios impose limits to arbitrage that allow the low-beta, low-volatility anomalies to sustain. While the low-beta anomaly is broadly accepted in the finance community (by academic researchers as well as practitioners), the low-volatility anomaly is still controversially discussed. Bali and Cakici (2008) are skeptical and report, e.g., that data frequency and horizon have a significant influence on whether a lowidiosyncratic volatility anomaly is detected or not. Fu (2009) and Huang, Liu, Rhee, and Zhang (2010) show that after controlling for short-term return reversal and for the time variation in idiosyncratic volatility, the low-volatility anomaly is reversed, i.e., high idiosyncratic volatility is associated with high expected returns, consistent with the effects of imperfect portfolio diversification. minimum-variance strategies are rather concentrated, we focus on those stocks that tend to be picked by minimum-variance strategies and analyze their price-to-book ratio relative to those which are not candidates for such portfolios. For US stocks as well as European stocks 3 we find -after controlling for various valuation relevant characteristics -that valuation levels of equities which qualify for the inclusion in minimum-variance portfolios have significantly increased over time. Implementing a broad set of different minimumvariance strategies, we find that stocks which have a high propensity of being included in a minimum-variance portfolio show a significantly positive time trend in their price-to-book ratio compared to those stocks which are not candidates for an inclusion. The increase is not only statistically significant but its magnitude is also relevant when assessing future return potential of minimum-variance portfolios. On average, we estimate that today core minimum-variance stocks (those simultaneously selected by many different minimumvariance portfolio approaches) trade at a premium of up to 23 % in the US (S&P 500) and up to 36 % in Europe (STOXX Europe 600).
Since minimum-variance strategies do not include return forecasts in their objective function and use the portfolios' variance as a risk measure, different strategies may only differ with respect to three main model specifications, (i) the estimated diversification potential (the estimate of the covariance matrix), (ii) constraints on portfolio weights, (iii) their portfolio rebalancing policy. The most relevant among these factors is, by far, the estimate of the covariance matrix that is used to optimize risk diversification. Thus, we implement a broad set of different concepts to estimate sample covariance matrices and to establish its positive definiteness. 4 Regarding weight constraints we focus entirely on long only portfolios and use maximum constraints to prevent the strategies from being extremely concentrated.
3 For US stocks we use the S&P 500 as our universe, for European Stocks the Dow Jownes STOXX Europe 600. For a description of the data set see Section 5.1.
4 In total we use 21 different methods to determine the variance-covariance structure of individual returns. We compute returns over one and four weeks, respectively, and use horizons (moving window) of one year, two years as well as five years. We apply seven different approaches proposed in the relevant literature to determine estimates of the variance-covariance structure of equity returns (a single-factor market model, shrinkage to the single-factor market model, an average correlation model, shrinkage to average correlation model, shrinkage to average variance model, a three-factor principal component model, a five-factor principal component model, see Table 1 ) and apply these approaches to three different selections of data frequency / data horizon (weekly returns on a one-year rolling window, weekly returns on a two-years rolling window and returns over four weeks on a five-years rolling window).
Despite the large variety of approaches to set up minimum-variance strategies, there is a strikingly strong agreement across strategies about the attractiveness of certain stocks to be included in a portfolio.
The paper is composed as follows. In Section 2 we introduce the generic framework of a minimum-variance strategy. In Section 3 we discusses the setup of our empirical study to detect valuation levels of minimum-variance portfolio constituents. Section 4 discusses different approaches to estimate the covariance matrix. Section 5 presents the empirical analysis and its results and in Section 6 we present our main result, a shift in risk preferences over the last decades in favor of minimum-variance portfolio constituents.
Section 7 discusses robustness checks performed and, finally, Section 8 concludes the study.
Minimum-Variance Equity Strategies
Minimum-variance strategies exist in various flavors but they all have the common goal of optimally reducing a portfolio's return variance through portfolio diversification, thereby ignoring any other stock characteristics, most prominently, stock's return expectation. In the light of more than fifty years of portfolio theory it might be surprising that portfolio rules which ignore the relationship between systematic risk and return expectations attract so much interest. Well documented return anomalies like the low-beta and low-volatility anomalies, however, give a rationale for focusing on risk diversification only, see Section 1 for a brief discussion of the empirical evidence on these anomalies.
Forming a minimum-variance portfolio in a given universe of stocks corresponds to solving the following generic problem
where w = (w 1 , w 2 , . . . , w N ) is the vector of portfolio weights, Σ denotes the covariance matrix and w min , w max are constraints on portfolio weights. We, thus, see that in general different minimum-variance strategies might differ only in (a) the way they estimate the covariance matrix Σ, (b) the constraints w min , w max they impose on portfolio weights, (c) their rebalancing policy, i.g., the frequency on which optimization is performed and how the actually invested portfolio is rebalanced towards the new optimum.
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While items (a) and (b) determine the target portfolio of a strategy, item (c) characterizes how to approach this target and is mainly driven by transaction cost considerations. Our goal is to focus on the target. We implement a broad variety of different minimum-variance approaches to determine whether a stock is a candidate for inclusion in a minimum-variance portfolio (min-var candidate) at a certain point in time. Then, in the second step, we analyze the valuation of those candidates in search for significant differences between min-var candidates and stocks that are found not to qualify for an inclusion a minimum-variance portfolio. Consequently, we focus entirely on items (a) and (b) in the list above. Rebalancing policies must, apparently, be regarded if one analyzes the performance of such portfolios, but this is not the scope of our work.
In Sections 4 and 5 we will introduce 63 different implementations of minimum-variance approaches that are commonly used in the industry and in academic research as well as ten aggregated target selections that focus on stocks which are picked by several minimumvariance methods simultaneously. These methods of portfolio selection are then applied to US equities (S&P 500) and European equities (STOXX Europe 600).
3 Valuation Levels of Minimum-Variance Portfolio Constituents Consider a particular approach, A, to determine a long-only minimum-variance portfolio from a universe of stocks at time t. Let 1 A i,t denote a min-var indicator that equals 1 if approach A selects stock i into the minimum-variance portfolio at time t and 0 otherwise.
For a simpler interpretation of the following regression results, we use the cross-sectionally de-meaned counterpart of 1 A i,t and call it d A i,t . Thus, all min-var constituents share a common 5 There might exist further constraints on portfolios which shall not be explicitly regarded in this study, e.g., sector constraints that limit a portfolio's exposure to certain industry sectors, etc. We do, however, control for sector weights and other characteristics of the portfolio in our empirical analysis. value of the indicator d A .,t = d A minvar,t and all non-constituents share a common value of the indictor that satisfies d
To identify the valuation impact of such a selection, we perform a cross sectional regression of the normalized price-to-book ratio of all time t constituents of the universe on the min-var indicator, plus further variables that control for known valuation relevant characteristics of these stocks.
where PtBn i,t is the price-to-book ratio of stock i at time t, cross-sectionally normalized to a mean of zero and a variance of 1. Variables c j,i,t are de-meaned dummies that control for various characteristics of stock i at time t. We use
• industry indicators according to the ICB industry classification (ten industries),
• size indicators, cross-sectionally sorting stocks into three equally sized groups with respect to their market capitalization,
• dividend indicators, cross-sectionally sorting stocks into three equally sized groups with respect to their dividend-to-book ratio.
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The cross sectional normalization of the stocks' price-to-book corrects for different overall valuation levels of the stock market that changes over time. Furthermore, it also corrects for time varying dispersion of the price-to-book across stocks. Thus, the coefficient γ A minvar,t of the min-var indicator picks an eventual valuation anomaly of minimum-variance portfolio constituents that can not be explained by other control characteristics. Its magnitude is in multiples of the cross sectional standard deviation of price-to-book of all index constituents at a given time t. If, e.g., a portfolio approach tends to overweight stocks from a certain industry that shows on average high (or low) price-to-book multiples, the coefficient of the respective industry indicator will compensate for this deviation. Thus, if two stocks share 6 Since we use de-meaned left-hand-side and right-hand-side variables, the inclusion of a regression constant is not necessary.
7 We use the dividend-to-book ratio instead of dividend-price ratio or dividend yield because we do not want to have pricing multiples (i.e., ratios that include the market price) on the right-hand-side of our regression.
their industry affiliation, have comparable market valuation and dividend payout (according to our sorts into three subgroups), but only one is selected as a minimum-variance portfolio constituent by approach A, then γ A minvar,t states the expected difference in their price-to-book ratio given in multiples of the standard deviation of all stocks in the universe.
The conditional estimate of a stock's normalized price-to-book, given that the stock is a min-var constituent of approach A at time t (and all other characteristics are at the average level), is thenP
Since these estimates of normalized price-to-book are noisy over time, mainly driven by stock price fluctuations, our analysis follows the estimated coefficientsγ A minvar,t over time and tries to understand time trends in the valuation levels of minimum-variance constituents.
As we will document, these time trends are significant and can be detected in US stocks' as well as in European stocks' valuations independent of the portfolio approach A.
Thus, to understand the linear time trend in the min-var valuation coefficient for a given stock universe and a particular approach A we estimate a GLS model of the form
where the variance of ν A t is assumed to be proportional to the squared standard error of γ A minvar,t in regression (2). Furthermore, standard errors in a A and b A have to be corrected for autocorrelation in the noise term, ν A .
Our time series estimate of the min-var valuation coefficient is then given bŷ
with a standard error of
where R A denotes the autocorrelation-corrected covariance matrix of the estimated coeffi-
Finally, the estimate of normalized price-to-book, conditional on the fact that a stock is picked by method A, along the estimated time trend is analogous to (3) determined bŷ
4 Different Approaches to Estimate the Covariance
Matrix
The covariance matrix of (simple) returns determines the diversification potential within a universe of stocks. In determining the sample covariance matrixΣ S from observed stock prices (plus dividend payments) at time t there are two basic choices to be made: (i) the increment ∆t over which returns are computed (e.g., weekly returns, monthly returns, quarterly returns) and (ii) the history of returns that is regarded in the computation.
A particular choice provides a (N × K t ) Matrix R t that contains the returns of the K t constituents of the stock universe over N historical periods, i.e., over the horizon from t − (N − 1)∆t to t.
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The sample covariance matrixΣ S is then determined bŷ
where the symmetric and idempotent matrix M is the residual maker with respect to a regression onto a constant,
with I the (N × N ) identity matrix and 1 a column vector containing N times the constant 1.
When dealing with a broad universe of stocks it is more often than not the case that
In such a case, however, the sample covariance matrixΣ S is (i) subject to large 8 All these estimators together with the set of constituent stocks change over time, for brevity, however, we omit the time t subscript from now on.
9 Consider the S&P 500, then it is common practice to estimate the covariance structure of stock returns from two years of weekly returns. The argument for a restriction of the history to two years is, e.g., an estimation errors and (ii) it is singular by construction. The weak determination ofΣ S is evident when recognizing that one has to estimate N (N − 1) elements ofΣ S from only N · K observations, see Jobson and Korkie (1980) for a detailed study of the small sample properties ofΣ S . Singularity follows immediately from (8) which implies that the rank of Σ S bounded from above by min{K, N − 1}.
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Thus, the specification of time increment and horizon alone is generally not sufficient to receive a covariance matrix that can be used as an input to the generic minimum-variance problem (1). We need to put additional structure onto the estimation procedure in order to get a properly defined positive definite covariance matrixΣ to determine a minimum variance portfolio. These structural estimators should not only generate a positive definite covariance matrix but should also deal adequately with estimation errors. I.e., the choice about the particular structural approach constitutes a further degree of freedom in the estimation process.
In the industry as well as in academic research, a set of estimation methods have been established that either put some theory-founded structure onto the estimation, or some simple parametrization that is intended to reduce estimation errors, or both.
Before discussing the different estimation methods we implemented to determine whether a stock is a min-var candidate or not, we briefly introduce the idea of shrinkage estimators.
Shrinkage Approaches
Structural estimations of the covariance matrix apply very rigid assumptions on the form of the covariance matrix. So valuable information that is contained in the sample covariance matrix is ignored.
11 The idea behind shrinkage is to combine both the sample covariance implicit assumption of time-variation in the covariance structure which the estimate can capture if one restricts the used history. 10 The residual maker M has at most rank N − 1 since it generates residuals from a projection onto a one-dimensional subspace of R N . Since R has at most rank K, we have
E.g., the sample covariance matrix estimated from two years of weekly returns of the 500 constituents of the S&P 500 at a certain time (104 observations per stock) has at most rank 103. Hence, it is not positive definite and not invertible, because at least 397 of its 500 eigenvalues are exactly equal 0. 11 Consider the simplest structural estimator, an "average variance" estimator which assumes that the covariance matrix is the identity matrix multiplied by the average variance of stock returns in the sample. This approach reduces the number of coefficients to be estimated from K 2 − K to 1 and, hence, it is less matrixΣ S and the covariance matrix from a particular structural estimationΣ A in a way that allows to control how much structure is imposed onto the estimation. This is usually done in a linear way specified by the weight δ ∈ (0, 1] such that
This approach is also referred to as shrinking the sample covariance matrixΣ S towards a shrinkage targetΣ A . 12 Estimators of this kind are well known in Bayesian statistics dating back to the paradox described in Stein (1956) . In the context of portfolio management Jorion (1986) introduced shrinkage to improve estimators of expected asset returns. The choice of the weight δ is always a tradeoff between information contained in the sample estimate and robustness against estimation errors provided by the shrinkage target. Frost and Savarino (1986) used a Bayesian criterion to determine an optimal choice of δ in estimating covariance matrices and recently Ledoit and Wolf (2003) determined a more general Byesian framework to optimize the shrinking intensity. We adopt their method in three of our minimum-variance approaches which use the structural estimator as a prior and sample covariance matrix as the signal (thereby taking care of the correlation of these two inputs that are estimated from the same set of observations). Interestingly, Jagannathan and Ma (2003) show that applying constraints on portfolio weights in mean-variance optimization is equivalent to shrinking the covariance matrix. Hence, frequently reported improvements in the out-of-sample characteristics of constrained portfolios relative to unconstrained portfolios can be interpreted as implicit reduction in the estimation error in the covariance matrix.
Single-Factor Market Model Estimator (MM)
This approach is inspired by the theory of a single-factor market model as represented by the CAPM (see Sharpe (1964) or Treynor (1962) ) and is covered by any textbook in prone to estimation errors. This comes at the cost of completely ignoring information about individual riskiness of stocks and the diversification potential that is contained in the data. 12 Shrinkage of a positive semidefinite matrixΣ S towards a positive definite target will result in a positive definite matrix for shrinkage intensities δ ∈ (0, 1]. Thus, selecting a proper shrinkage target results in a non-singular estimate ofΣ.
corporate finance or portfolio management. The structure that is put on the covariance matrix assumes that pairwise covariance of stocks is solely determined by a single market factor. I.e., the estimated covariance matrix has the form
withβ the column vector containing estimated market betasβ
M is the sample estimate of the market index variance, andσ 2 I,i , are the sample estimates of the idiosyncratic variances of the stocks' returns. All these estimates depend on return history up to time t and are, thus, time dependent.
Shrinkage towards a Single-Factor Market Model Estimator (SMM)
The assumptions of structural estimates like the single-factor market model approach are very rigid so that one ignores a lot of information that is present (though noisy) in the sample covariance matrix. As discussed in Section 4.1, shrinking the sample covariance matrixΣ S towards the structural estimatorΣ MM applying the approach of Ledoit and Wolf (2003) is equivalent to usingΣ MM as a prior estimate and optimally adapting this prior to the signal obtained throughΣ S (fully regarding the noisiness ofΣ S ). The resulting estimate of this method is then
Please note that the shrinkage intensity, δ SMM , differs depending on the shrinkage target that is used and it is, of course, changing over time.
The Average-Correlation Estimator (AC)
The idea to avoid estimation errors in the covariance matrix by assuming that the pairwise correlation of asset returns is identical over all pairs of stocks dates back to Elton and Gruber (1973) . They propound the idea that deviations of the individual correlation coefficients from their average "are random or sufficiently unstable, so that zero is a better estimate". In a way this is a step back from the single-factor market model in assuming that even the co-movement with a single factor cannot be estimated reliably and better is replaced by an average correlation between all the stocks.
The structural estimator is then
whereσ i is the estimated standard deviation of stock i's return andρ is the sample estimate of the mean of the pair-wise correlation.
While the average pair-wise correlation can apparently be estimated with more accuracy than individual pair-wise correlation, it might be an oversimplification to average out all sample information about correlations. Recent work by Elton, Gruber, and Spitzer (2006) documents competitive performance of portfolio strategies based on the average-correlation estimator of the covariance matrix.
Shrinkage Towards the Average-Correlation Estimator (SAC)
A further approach is to use the average-correlation estimatorΣ AC as a shrinkage target in a Ledoit and Wolf (2003) shrinkage estimator
Shrinkage Towards the Average-Variance Estimator (SAV)
A reaction to concerns in the estimation quality of the average pair-wise correlation of returns as well as in individual return variances is the average-variance estimator. For this structural estimator it is assumed that asset returns are pair-wise uncorrelated and, furthermore, the individual return variance is estimated by an estimate of the mean of the return variances. This reduces the number of elements of the covariance matrix to be estimated from K(K +1)/2 in the sample covariance matrix to only 1, the average-variance estimator. We do not regard this extreme estimator as a generator of minimum-variance portfolios because it will not provide a stock selection but result simply in the equallyweighted portfolio. Rather we use the average-variance estimator as a Ledoit and Wolf (2003) shrinkage targetΣ
withΣ AV =σ 2 I, withσ 2 the average over all estimated individual return variances and I the (K × K) identity matrix.
The Principal Component Estimator (PC)
A common practice to reduce the noisiness of covariance matrix estimators and to receive a positive definite matrix is to apply an eigenvalue decomposition of the sample covariance matrix. Usually only a small number of eigenvectors explain almost the entire sample variance. So the structural principal component estimator PCn selects the set of n Eigenvectors ofΣ S corresponding to the n largest Eigenvalues and constructs an structural estimator in the following formΣ
where U is the matrix that contains the orthogonal Eigenvectors ofΣ S in its rows, sorted by the magnitude of the corresponding Eigenvalues. Λ n is (K × K) diagonal, with the n largest Eigenvalues ofΣ S as first n elements of the diagonal, the rest replaced by 0.Σ PCn is positive definite if n < rank(R). The matrix Σ I,PC,n is a diagonal matrix containing the In our analysis we use principal component estimators with n equal to 3 as well as with n equal to 5 components. Table 1 summarizes the different approaches in estimating the covariance matrix of returns that we use throughout this study.
The Empirical Analysis

The Data
We do our analysis for US equities and European equities, respectively. The universe of stocks in the markets which are considered in the study is defined by the constituent lists of indexes representative of large and mid-cap, liquid stocks, S&P 500 Index for the US and STOXX Europe 600 Index for Europe. All data is retrieved from Thomson Reuters
Datastream.
The overall history that can be researched in these stock universes is determined by the availability of the constituent lists of the indexes. Table 2 gives an overview of the data availability. For the US, available history is 23.7 years and for Europe Europe 13.7 years.
Base data for estimating covariance matrices are simple returns calculated from Datastream's total return index data field (RI, assuming full reinvestment of distributed dividends). Returns are in USD for the S&P 500 constituents and unhedged EUR returns in Europe. We consider two different data frequencies, one observation per week as well as one observation every four weeks. To avoid survivorship bias, at each point in time t only those stocks are considered which are active time-t index constituents.
The Setup
In our empirical study, we aim to implement a broad set of different approaches in constructing minimum-variance portfolios in order to understand common features of min-var candidates, i.e., those stocks which are picked by one or more portfolio methods. According to the discussion in Section 2, in each of the markets we analyze minimum-variance approaches that differ with respect to the following dimensions:
(a) The way of estimating the covariance matrix
• Data frequency and history: weekly returns on a one-year rolling window (1w1a), weekly returns on a two-years rolling window (1w2a), returns calculated over four weeks on a five-years rolling window (4w5a),
• Estimation method: each of the seven methods listed in Table 1 (b) Constraints on portfolio weights.
• Long-only with unconstrained maximum (w max = 100%), long-only with 8% maximum (w max = 8%), long-only with 4% maximum (w max = 4%).
At a given point in time we produce 21 different estimates of the covariance matrix, Σ. Each of these matrices is then input to three minimum-variance portfolio optimizations which differ in the applied constraint on the maximum weight. Thus, we compare 63 different portfolio selections for each equity universe.
We conduct this cross sectional study of 63 minimum-variance approaches every four weeks from the beginning of the data availability until May 2013.
Within this setup we confirm a set of common features of minimum-variance portfolios, which are already well-documented (see Appendix A for more details): Long-only minimum-variance portfolios tend to be concentrated portfolios, they pick stocks which have low beta and low idiosyncratic risk. Moreover, we observe that different methods to construct minimum-variance portfolios show a high level of agreement when deciding which stocks should be picked. Table 3 documents the overlap. Consider the results for S&P 500
in panel a) of Table 3 . Over the most recent five years, an average of only 74 out of 500 stocks qualifies as minimum-variance candidate in the broad sense that it is selected by at least one out of 21 minimum-variance approaches that apply a maximum weight of 100%.
If we require larger diversification and use a maximum of only 4% of portfolio weight, this number increases to 93 which is still less than 20% of stocks in the universe. To get a feeling for the extent to which the selections agree on stock picking, consider the following thought experiment. Let us assume that all 21 portfolio approaches are completely independent and select at random 22 stocks out of 500 (from Table 11 we see that on average a w max = 100% portfolio has 22 constituents). Then the number of stocks that are selected at least by one out of 21 portfolio approaches is expected to be 306. The probability that a stock is selected by at least 5 approaches is then only 0.19% (or approx.
1 out of 500 stocks). The probability of being selected by at least 10 or 15 independent approaches is virtually zero (6.1 × 10 −9 and 1.89 × 10 −16 , respectively). Thus, we conclude that different minimum variance approaches have a rather high degree of coincidence in their stock selection.
A Shift in Risk Preferences: The Increasing Priceto-Book Ratio of Minimum-Variance Portfolio Constituents
We conduct the cross sectional regression (2) every four weeks for all 63 different minimumvariance approaches and collect the estimatesγ A minvar,t of the relative valuation coefficients. We then perform a GLS time-series regression (4) ofγ A minvar,t on a linear time trend and consider the estimated slope coefficientsb A of each of the approaches. Standard errors of these slope coefficients are corrected according to West (1987, 1994) for the is based on the average-correlation estimator. Both approaches use returns at a fourweeks frequency over a history of five years (4w5y) and a maximum weight of 4% per stock (w max = 4%). The graphs in Figure 2 also indicate the position of the 25% quantile, the median, and the 75% quantile of the cross-sectionally normalized price-to-book, PtBn, relative to the unconditional estimate of PtBn which is, by construction, equal zero. Independent of the particular portfolio approach, we find that the valuation of minimum-variance portfolio constituents increases steadily over time.
While in the 1990s, minimum-variance constituents traded at a discount relative to the unconditional mean among S&P 500 stocks, this discount turned into a premium somewhen between the years 2000 and 2005. At present, the average PtBn premium of minimumvariance constituents is considerably above the unconditional mean. Or in other words, we document a shift in market preferences for min-var constituents over the past 23 years which is relevant given the dispersion of price-to-book of S&P 500 stocks. Even after controlling for other pricing relevant characteristics like size, industry affiliation, and dividend payout, we see that min-var constituents today trade at a premium comparable to the difference between the 75% quantile of the price-to-book among S&P 500 stocks and its mean. Section 6.2 provides an estimate of the price impact of the detected shift in preferences. the conditional estimate of min-var constituents' valuation turns from a discount into a premium, increasing steadily over the past 13 years. Today, minimum-variance constituents trade at a considerable premium. The magnitude of this premium is again comparable to the difference between the 75% quantile of the price-to-book distribution among STOXX Europe 600 stocks and its mean.
To quantify the magnitude of this shift in preferences for stocks that qualify as minimumvariance portfolio constituents, we report in Table 4 estimates of the annualized slope coef- 
West corrected t-values (in parentheses)
. For the S&P 500, the estimated drift coefficients are between 1.0% and 4.1% per year (in multiples of cross sectional standard deviations of price-to-book) with an average of 2.0%. That means that over the past 23.7 years, on average the price-to-book coefficient γ A minvar,t of minimum-variance candidate stocks increased about 0.48 standard deviations of the the cross-sectional price-to-book distribution. Regarding the significance of these slope coefficients, we report t-values between 2.9 and 12.1. Figure 2: Time trend in the relative valuation of minimum-variance constituents for two different portfolio approaches on S&P 500 stocks, using returns at returns over four weeks on a 5 years rolling window (4w5y) and a maximum weight of 4% per stock (w max = 4%). The solid line shows the conditional estimate of the normalized price-to-book of min-var portfolio constituents, the dashed line that of non-minimum-variance constituents. Dotted lines show the 25% quantile, the median, and the 75% quantile of the normalized prize-tobook relative to the unconditional mean represented by the abscissa. The green line plots the time trend of the conditional estimate of min-var constituent's normalized price-to-book from GLS-regression (4). While the conditional estimate of PtBn of minimum-variance constituents was negative in the 1990s, relative valuation in recent years is considerably positive.
The least significant slope in the valuation coefficient is observed when using a shrinkage to average variance estimator with weekly returns on a one-year rolling window (1w1y) and a maximum weight of 4% (w max = 4%).
For STOXX Europe 600 stocks, the slope coefficients of all models are positive, between 1.5% and 5.8% per year with an average of 3.9%. I.e., over the 13.7 years which are covered by our data, on average the price-to-book coefficient γ A minvar,t increased by 0.54 standard deviations of the cross sectional distribution of price-to-book. Calculated t-values are between 0.53 and 8.9. There are 9 out of 63 approaches that show a t-value below 1.645, the least significant is the shrinkage towards average correlation estimator approach when using returns over 4 weeks on a five years rolling window (4w5y) and a maximum weight of 4% (w max = 4%). Figure 3: Time trend in the relative valuation of minimum-variance constituents for two different portfolio approaches on STOXX Europe 600 stocks, using returns at returns over four weeks on a 5 years rolling window (4w5y) and a maximum weight of 4% per stock (w max = 4%). The solid line shows the conditional estimate of the normalized priceto-book of min-var portfolio constituents, the dashed line that of non-minimum-variance constituents. Dotted lines show the 25% quantile, the median, and the 75% quantile of the normalized prize-to-book relative to the unconditional mean represented by the abscissa. The green line plots the time trend of the conditional estimate of min-var constituent's normalized price-to-book from GLS-regression (4). While the conditional estimate of PtBn of minimum-variance constituents was below neutral around the year 2000, relative valuation in recent years is considerably positive.
Valuation Trends in Aggregated Min-Var Targets
For individual min-var portfolio approaches we find a time trend in the valuation coefficient which is positive without exception (though some t-values are rather low for European equities). Our interest, however, does not focus on the individual min-var approach but on the commonalities among all implemented approaches. For this reason we study aggregate min-var portfolio selections which are already discussed above. These target portfolios are aggregated in the sense that they contain stocks which are included in at least m individual min-var portfolios, for m in 1, 2, . . . 10. Table 5 displays the estimated driftb in valuation coefficients. The idea behind this aggregation is the argument that a stock which is considered a min-var constituent by a high number of individual approaches is somehow closer to the core of a min-var target portfolio aspired by minimum-variance investors compared to a stock that is only picked by one or two approaches.
When inspecting drifts in the coefficientb in the time-series regression (4) we see that Newey-West corrected t-values are high throughout all values of m with a minimum of 4.8 for S&P 500 stocks and 3.8 for STOXX Europe 600 stocks. We see the following intuitive behavior ofb: It increases with growing m, independent of w max . This means, the shift in valuation is stronger for stocks that are picked by a larger number of different models. I.e., the stronger the agreement of different models about the min-var qualification, the stronger is the shift in investors' preferences. For a given m, the shift is stronger for higher w max .
This makes sense since a higher value of w max means that portfolio approaches considered for the aggregation are allowed to focus more on min-var favorites, while with decreasing w max , approaches are forced to diversify into stocks less preferred. For S&P 500, focussing on the aggregation of m = 10 impliesb of 2.5% per year, which means that for stocks that are selected by at least 10 out of 21 approaches, the coefficient of the min-var indicator,γ increased by 0.6 standard deviations of the cross-sectional price-to-book distribution over the last 23.7 years. For European stocks, this drift is even more pronounced and reaches 5.3% per year for stocks that are selected by at least 10 approaches, implying an increase ofγ by 0.73 standard deviations over the last 13.7 years.
Implied Price Impact
To estimate the implicit price impact of such a shift in price-to-book, we first evaluate the estimate of the pricing coefficientγ A minvar,t at the begin of the data set (10-1989 for S&P 500 and 09-1999 for STOXX Europe 600) as well as at today (05-2013). We do this for the aggregate min-var targets m = 1 to m = 10 and list the results and the respective standard errors according to (6) in Table 6 .
To receive the estimate of normalized price-to-book at the begin and at the end of the time horizon, we multiplyγ A minvar,t with the min-var indicator d A minvar,t (the de-meaned minvar dummy), according to (3). In a further step, we translate the estimate of normalized price-to-book into an estimate of the price to book using sample statistics of price-to-book of S&P 500 and STOXX Europe 600 stocks from Table 7 .
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Finally, we estimate the impact on non-normalized price-to-book and the implied impact on the pricing on constituents of aggregate min-var targets. where avg. PtB and stdev. PtB are the cross sectional average and standard deviation of price-to-book (see Table 7 ), respectively. The conditional estimate of normalized price-tobook, given that the stock is a min-var candidate,PtBn t | minvar, is determined by (7). Table 8 shows the final result. For US stocks as well as for European stocks, we see a discount in price-to-book (compared to the unconditional average stated in Table 7 ) as well as in the implied pricing at the begin of our data set. This discount turns into a premium today. With increasing m, aggregate targets are more and more focused on stocks that are picked by a large number of different min-var approaches. The intuition that valuation effects should be more emphasized for higher aggregation is perfectly supported by our results.
In the US, for the broadest definition of an aggregate minimum-variance target portfolio,
i.e., stocks that are selected by at lest one of the approaches, m = 1, the estimated price discount in 10-1989 is −6.91 %. This broad target selection contains 99 out of 500 stocks.
For stocks that qualify for at least 10 different approaches (21 out of 500), this discount grows to −15.98 %. Today, the estimated premium is 13.89 % for the broad m = 1 selection and grows to 22.72 % today. The size of the targets is 102 and 20, respectively, see Figure   1 .
In Europe, the trend in preferences for min-var constituent stocks is more pronounced. Our results demonstrate that over the past decades, there has been a shift in preferences for stocks that are suitable for an inclusion in a minimum variance portfolio both in the US as well as in Europe. This shift can be detected independently of the minimum-variance portfolio approach we use and it is stronger for stocks that are selected by different min-var approaches simultaneously. 
Robustness Checks
We perform a set of robustness checks to provide evidence that our findings are robust to changes in the specific setup of the study. First, one might be concerned about autocorrelation in the estimated coefficientsγ A minvar,t that might not be properly treated by a simple Newey-West correction. Second, estimation errors in the sample covariance matrix Σ s might influence all portfolio approaches at the same time and lead to artifacts in all portfolio selections.
Avoiding Autocorrelation in Valuation Coefficients
When estimating coefficientsγ A minvar,t on a four-weeks frequency, the overlap in return data from which covariance matrices are estimated creates serial autocorrelation. To avoid this, we decrease the evaluation frequency in two steps. First, we calculate portfolios only year by year (having no data overlap for approaches that work with a one year history, i.e., 1w1y). Second, we analyze minimum-variance portfolios on a biannual frequency (then 1w1y and 1w2y are without overlap). Table 9 shows the estimated pricing impact when cross sectional valuation coefficients are determined annually and biannually. Though biannual evaluation leads to only 12 observations per time series regression for S&P 500 stocks and only 7 observations for STOXX Europe 600 stocks, trends in valuation are robust with respect to changes in the valuation frequency and significance is sustained.
Resampling
Estimation errors in the sample covariance matrix might influence all portfolio approaches in the same way, such that a common bias affects portfolio selection. To test the robustness of our results, we use a resampling approach. Each time t we determine the sample covariance matrixΣ t and determine eigenvectors for all nonzero eigenvalues. We resample the entire return history up to time t for 1000 times under the assumption that returns are jointly normally distributed and total variation in returns is fully determined by those principal components. For each of the 1000 resampled return histories, we again use our min-var procedures to estimate a covariance matrix and then form the corresponding minimum-variance portfolio. So rather than having an indicator at time t that denotes whether a stock is selected by a particular portfolio approach or not, we compute now a fraction f A i,t that tells us how many times a particular stock is selected by an approach (again cross-sectionally de-meaned). Then we change regression (2) in the following way,
The time-series regression (4) is then performed without change. Due to space restrictions we only report results for S&P 500, returns over four weeks and a history of 5 years in Table   10 . We see that results from resampling are highly significant and show a drift in price-tobook which is slightly higher than in the empirical counterpart. Hence, we conclude that our results are robust against estimation errors in the sample covariance matrixΣ S and their simultaneous spillover to all portfolio approaches.
Conclusions
We study a set of 63 different long-only minimum-variance portfolio approaches on US as well as on European stocks, S&P 500 and STOXX Europe 600, respectively. Beside other well known features, like high concentration and low-beta stock selection, we find that different minimum-variance strategies show a high degree of consensus regarding which stocks should be picked for a minimum-variance portfolio. We study valuation anomalies of those minimum-variance stocks, in particular price-to-book anomalies that cannot be explained by industry affiliation, size, or dividend payout policy and find that over the past decades (our history is 23.7 years for US stocks and 13.7 years for Europena stocks), minimumvariance socks' valuation turned from a discount in the 1990s into a rather large premium today. Thus, we infer a shift in preferences in favor of minimum-variance stocks during the last decade(s). We further study aggregate minimum-variance target constituents, i.e., stocks which are picked by several minimum-variance approaches simultaneously. Stocks that are picked by a larger number of different approaches exhibit a more pronounced shift in their valuation and show a larger premium today. All these facts are indications that the high popularity of minimum-variance strategies among investors and the huge inflow into products that offer minimum-variance equity returns show impact on the market valuation of stocks which are favored by those strategies. Investors should take these results into account when assessing future return potential to minimum-variance equity strategies.
Appendix
A Common Features of Minimum-Variance Portfolios
Minimum-variance equity portfolios share a set of common features which are well documented in the literature. We briefly discuss some of the most important common characteristics and document empirical evidence from our different portfolio implementations on the four data sets.
Concentrated portfolios. Long only minimum-variance portfolios tend to be very concentrated. Without constraining the maximum weight of stocks in the portfolio, minimumvariance optimization assigns positive weights only to a low number of stocks. This feature was reported, e.g., by DeMiguel, Garlappi, Nogales, and Uppal (2009) and Clarke, de Silva, and Thorley (2011) . Moreover, among selected stocks, weight is concentrated only in a small number of constituents. Our minimum-variance portfolios definitely show this feature on all four datasets. See Table 11 for the sample statistics.
Thus, we clearly see that weights allocated by minimum-variance strategies are not well diversified among all stocks available in the universe and weights are by far not evenly distributed among selected stocks. For S&P 500 and STOXX Europe 600 we also see that over time the concentration of minimum-variance portfolios has definitely increased. Since professional portfolio managers will not agree with such concentrated portfolios, we impose maximum constraints on the portfolios (8% and 4% respectively), so we force the selection mechanism into a broader selection as well as into more uniform weights. Table 11 documents portfolio concentration also for these portfolios.
Low Beta Portfolios As reported by Clarke, de Silva, and Thorley (2011) and Scherer (2011) , long only minimum-variance strategies tend to pick low-beta stocks. If the covariance matrix is a single-factor market model estimator (see Section 4.2) Clarke, de Silva, and Thorley (2011) show analytically the existence of a critical upper beta-threshold that discriminates stocks that are included in the long-only minimum-variance portfolio from those which are not. Whereas such a proof does not exist for general estimators of the covariance matrix, we find that this low-beta characteristic is present in a broad set of minimum-variance portfolios.
Low Idiosyncratic Risk
Scherer (2011) reports that long-only minimum-variance portfolios tend to pick stocks that show not only low-beta but also low idiosyncratic risk. We confirm this finding in the broad set of different minimum-variance approaches which we implement.
